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Abstract In many data stream mining applications, traditional density estimation methods such as
kernel density estimation and reduced set density estimation can not apply to the data stream density
estimation because of their high computational burden and big storage space. In order to reduce the
time and space complexities, a novel online data stream density estimation method by m -mixed
clustering kernel is proposed. In the proposed method, MMCKDE nodes are created using a fixed
number of mixed clustering kernels to get cluster information instead of all kernels obtained from
other density estimation method. In order to further reduce the storage space, MMCKDE nodes can
be merged by calculating KL. divergence. Finally, the probability density functions over arbitrary time
or the entire time can be estimated by the obtained model. We compared the MMCKDE algorithm
with the SOMKE algorithm in terms of density estimation accuracy and running time for various
stationary data sets. We also investigated the use of MMCKDE over evolving data streams. The

experimental results illustrate the effectiveness and efficiency of the proposed method.

Key words m -mixed clustering kernel; kernel density estimation; probability density functions;

Kullback Leibler (KL) divergence; streaming data mining
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Fig. 1 An example of approximating original kernels

with m kernels.
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Fig. 2 An example of directly applying MMCKDE to a sequence of data windows.
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Fig. 3 An example of applying MMCKDE based on KL

divergence to a sequence of data windows.
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Fig. 4 Merging procedure over entries.
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kl; :g(klj,r]), (23)
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W R0y = ki, 5 THECHE LB s o 22, i3 1 A<<0.

(r (D +7r;(2)), W= (23)

2.3.3 MR EAGT

G — 4 TAE &% it A ) MMCKDE J3 %1 H
FHESR AT, AT 2 A O
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WE S PR, i wy B 3E 1T % R AN T Y B (A
W ARG [, T, $% 8P MMCKDE J3 %1 SL,
FISL s B o (D<t<<r, (2)H riey (DT
ria(2)

PO =v7p, (xX)F T+ p:

Hrp,y, = /Zu,p,um Z@(I (x.t),i<
J<i+h.

A (X)), (25)

Query
’ N\ T
: ( rn@ raQ) 1(2) rar(D) A\ ) .
0 ri(1) \. 7i( Tit1 Fit1 Vitk / r:+k time
- - ; ; A - R A -
| 1 [ 1 1 [ | 1 1 | 1 T [
- \ )\ y
Vo

SL; SLivy SLisp

o a g
(MMCKDE;, ¢;) (MMCKDE 41, ¢;+1) (MMCKDE 1, ¢;41)

| | |

v
f(x)
Fig. 5 Density estimation over arbitrary time period.
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7712 22 (mean-integrated squared error, MISE)
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U B . MISE tH8 U0 F .

MISE(f) = EUkﬂx) *f(x))zdx]%

N
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HL n =3 000; W] 45 5 2 %y = 35 W) 4 O 38k 58 JiF
6o =253 I A] H & 7, =1 000/In 6, F 7, =1000.
3.1 MMCKDE &R B 5

ES 2 35 20 T 1, MMCKDE 232 it 4 3=
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B e E m (H (SOM B 3% N #h & e A %,
MMCKDE 53 ARG A %0 K 5,10,15,20, 25,
30, f#f 1 MMCKDE ®&35 SOM ik i /b 1) 8
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(b) Chart after merging at different kernel width
Fig. 6 An example of MMCKDE algorithm with m
being 20.
K 6 MMCKDE & (m=20)

Table 1 MISE Comparison on Different m Values
F1 AK[E mER MISE %8R

N0,2) N@,D Merge
" MMCKDE SOM MMCKDE SOM MMCKDE SOM
5 6.1660E—007 2.8939E—006 1.5960E—006 1. 0063E—005 1. 1559E—005 2.2636E—004
10 1. 9380E—007 2.7776E—007 7.9840E—007 1. 2639E—006 2.8800E—006 4.4399E—005
15 1. 6690E—007 2.0699E—007 7.3520E—007 8.6946E—007 9.5810E—007 4.5422E—006
20 1. 6360E—007 1. 7419E—007 7.2130E—007 8. 2394E—007 6.2630E—007 1. 9107E—006
25 1. 5960E—007 1. 7883E—007 7.1900E—007 7.7572E—007 5.5120E—007 1. 1304E—006
30 1. 6140E—007 1.5526E—007 7.1360E—007 7.3593E—007 4.4610E—007 9. 0318E—007
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Hi2e 1 AIEL 6 Af 1, Y m BUE/IME B, MMCKDE
B MISE f5F SOM Bk b m 3K .2 Fh &
% MISE {8 % ¥ £z 38 . W MMCKDE 53 3% 5 H
T A AR BEAG T L AE T8 m U/ IME
A, FOABE 22 %% B A 11K B 8¢ SOMKE %536 01 5. i
F1LBATH, YT A I 2 A BOHE & R 9 A A A
A . MMCKDE 553 /)85 B B 2 L F SOM ik,
J PR TE T A% 58 0 A 38 % B Ak T A S B2 e, T
MMCKDE 3k 75 #E 47 8% R 25 i 2% J& 31 1 3 5
M. 552 s IO /IME RO [6) % 56 080 4 & JF X 2
AR AT A5 A 2R 0 B A T AT B R B AR
71N « DT 52 s 107 P Bsf i 25 Ta) A7 B 55 0y 5 B
Ab B R BT T S 06 N AR A TR R UE ST g 1 T
IS5,

3.2 BSHERTEEMIT

AR SR FH AR FLA Sy 100 000 Y 2 S5 4L
— R AR RN 1 A RO AR R AT R E L IR S X
Bkl 14 142 1 By SOMKE 8k #17 I it 2 4> —
YA B A3 0 Ol — 2 = WA A — e TR A

SV Bt B A B 25 B 1 7
R 2 RSO BCE A B Re F1 H4 4y 2% 2.
R BRI — 4 % 24 A A S S
— Sl benchmark $CHE HLHE 5 50 K % HCHE 48 1
HOHC2-20 eS| ) SR 50 000

1) B

W TR 1 S A SR RN
{Hi% 5 5,10,15,20,25,30, 9 S i 10, % H
7 2 S 7 92 0. %2 2 B T o (R
0 2 BB 0 MISE JGE FRi S 0L 7 S T
=30 I 2 8 B A .

M2 ME 7 AT AL, 2 om B /N E R, B AR
SOMKE % 7 32 17 Bf [8] - i F MMCKDE 45 ¥,
{H MMCKDE & 119 MISE B &t T SOMKE &
.Y m=15 i}, MMCKDE & &) MISE 3k %
10 %8 2% . 1 SOMKE & ) MISE A4 TF 10 °
Bom g AT # Y m=>15 B, MMCKDE %
¥R MISE iz 47t e #8840 F SOMKE &%,

Table 2 MISE and Running Time at Different m on 1-dimensional Artificial Data Streams

£2 AE m ER—EUBIER MISE Ris{TR B L&

Gaussian

Gaussian Mixture

m MMCKDE SOMKE

MMCKDE SOMKE

MISE Running Time/s MISE

Running Time/s MISE

Running Time/s MISE Running Time/s

5 3.1731E—005 180. 3953 3.9176E—005 99.3281 1. 1826E—005 248.3031 4.9932E—005 99.7156
10 1. 4159E—005 148.7750 2. T488E—005 159.5203 1. 0485E—005 182.056 3 1.5123E—005 159. 3609
15 8.2026E—006 200.4094 1. 1807E—005 228.3125 6.5862E—006 208.8610 1. 0302E—005 221.0641
20 4.0402E—006 262.6375 6.9414E—006 297.8344 4. 1419E—006 266.056 3 6.5582E—006 278.3281
25 2.4721E—006 306.2531 5.1742E—006 363.1406 3.5127E—006 307.4297 4. 2490E—006 350. 9375
30 1. 8596 E—006 366. 3469 4. 3250E—006 429.0610 2.6976E—006 361.3219 4.0424E—006 412.3547

0.4 ey 0.10
70 Ui Real Density
., — MMCKDE
: 0.08
0.3
0.06
~ 0.2 =
0.04
0.1 : )
0.02 Real Density )
» —— MMCKDE
0.0 : 0.00 . —
-4 -2 0 2 4 6 -15  -10 -5 0 5 10 15

(a) Gaussian Dataset

X
(b) Gaussian Mixture Dataset

Fig. 7 Off-line density estimation over one dimensional artificial data with m being 30.
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(a) Real Density
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JEAGTHEE S o] DL W AR SCRE R 1R AT % B A T
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F—3 W 8(a) (o) s H L% 4047 B 8(b) (d)
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Fig. 8 Density functions of the 2-dimensional data stream with m being 20.
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Density estimation of evolutionary data streams.
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Estimated probability density functions with each entry in the MMCKDE sequence with A being 0.
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ME 10 &3 3 nl 1, 24 A=0 i, MMCKDE J#
I 6 A1, B A T 2R o A A ] Y 4R
P o v A BE AL O, Bl SLy F/eonBidlEd 1~10

G g N O, 1) B9 R B3 4 2. 2 B3k 24y T o
FH T 3 R B4 A 5 % A T, B MMCKDE 5532
P BE A T SOMKE Fi%.

Table 3 MISE Comparison on Different m Values
x®3 AEAmER?2 MEEBERELLE

Evolutionary Data Stream(L=6)

m MMCKDE SOMKE
MISE Running Time/s MISE Running Time/s

5 3.3152E—006 59.5656 6.3917E—006 30.9375
10 1. 3620E—006 46,2531 3. 5808E—006 48.6922
15 7.8254E—007 60.7781 1. 3556E—006 69.0219
20 4. 4964E—007 76.264 1 7.2203E—007 88. 8156
25 4.0273E—007 92.3125 5. 4058E—007 109. 4297
30 2.1525E—007 105. 607 8 4,0014E—007 133.1672

(ELR P 1L 32 0 A7 MR 25 2 2 Al 3 9 R %
YPCHR T H Al L 7 P E JC R A A B
A RE BN A 2 A 2 AR TR A TR O T
Peix — [l B A7 2 A7 2. D A R B B2 e KL B
2508 3R T TH R B 2R AR O 4 a5 I B A8
2) X BUAEYE 5 [ A7l 25 T AR 4 . BOR SCR W

if MMCKDE 5 s B A8 35 19 4 Bt 504 Ui L 26 %% &
SR
Table 4 MMCKDE Sequence Entries over Evolving

Data Stream
F 4 HBHIERE MMCKDE 5 =

A=0 A=0.085
E%ﬁﬁjﬁ% ttlaﬁf}%i%ﬁﬁﬁﬁ?iﬂgﬁ bLJ rj /2/] /QZ]/ rj /2/] /QZ]/
@ BrECHE L 1H B H 2 (A= 0. 085) L 4 SL, [1.10] I1.20]
B TH B S ) i i 2 (2404 (H 3T A
. . N . i SL, [11,20] 1.3083 1.3083 [21,40] 8.2800 3.3917
FE.E 1R A=0, RIUIH B0 5 08 B — A 2L 4
W A (EEE R 0. 085, MR IH ¥R 19 KL (. 73k 10 SL; [21,30] 5.7985 5.7985 [41,50] 8.9294 6.0913
MR B . £ A4S T AR AMEAIEE O -, SL, [31.40] 1.3778 1.3778 [51,60] 1.5170 1.0349
Ji KL BEES kL ek b5 KL BEES kL (. 5 5 H SL; [41.50] 9.6303 9.6303
T/\ﬁﬁﬁy‘j O- 085 HTJ‘vZ ﬁ%‘%%ﬁij‘ﬁ&)é\*%% SLs [51,60] 1.5358 1.5358
HREAGTE MISE{A. B/ 11 SR T A{HIXE M 0. 085
Table S MISE Comparison of Two Algorithms When 4 is Equal to 0. 085
£5 1=0.085 i 2 #1& ;£ MISE L%
Algorithm Total Data Stream SL, SL, SL; SL,
MMCKDE 6.5722E—007 3.0453E—006 1. 8783E—006 1. 0428E—006 2.4194E—006
SOMKE 1. 2449E—006 5.1529E—006 4. 2388E—006 1. 5723E—006 4. 8594E—006

M A=0. 085 Bf, i 5 B L IHAE B H 2, 55
BEAEE R, T IH MMCKDE J¥ %1 5 45 7] 6 8% &
I A H BB R E T IRME B8 G i 1 K. A
ARG T 4 4 MMCKDE 5 G il 11 pioR . 5
A=0 M, AT 4 4~ MMCKDE 95 58 A 98 % 2 4
MMCKDE 5 5. BUAA R 40 A% 18k A IF 6 2 4

MMCKDE 15 &3« {FATS BE 552 4 i 44 B 73 st K 4 1)
R I AR 277 2 () B[R] N L O 9 AT R T R
A B A M R B A T

M S SRR — 22 n A T R BN T
H v BB B 19 5 0 i MMCKDE 55345 # MISE {i
W 2L F SOMKE 53k,
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Estimated probability density functions with each entry in the MMCKDE sequence with A being 0. 085.

11 P % MMCKDE 25 B £ 3 (1=0. 085)

@ LG /NGS

M\ benchmark %4548 525643477 7] 1, 24 MMCKDE
SELE U T VR A U B A T B S (R AT 3RO B
B A O AE SR A T 3 AT 3R s B B R O A R
A AR B KL 33 A i 38 A fE,
I T R T IO ) R R AR T R — SR
B I T LA At S 18] B[R] I S SO 52 ) 8 A B30 O
AR AR5 B A T E. EL7E & JF 1 [ 2% 58 i £ 40 7 1 s
MMCKDE 5. i # g B 8.t T SOMKE 5 1.
S SRR W R 22 DAy TR O B T T R L SO
AT S

2) AR ESR

TC 2 B THAE 4 Tl S0 I0 FH 85 22 o oA S
BB B TR Sy 10535, 4R SR 4 Al
FEARLY 250 A AR SCK B 2 AR — AN I ] 1 £ 8
TArA 21 A R S O A R B O3 A AN AT
AL BOAS SR A2 TR AR A 3R 47 KDE Al 714 Dy i 4
it VBSOS A A, B9 (b)) B . B HE I A
P ] 7 £74 A0 48 %% B2 23 A AN 181 12 B

S A VR X T B T AT S R

MMCKDE 5 5415 30 MREA#. | 13 FiR A=0,
B 0=1 B}, 4 MMCKDE 5 £ K 8 A 08 it 1) A
RE AR 2 6 51 T B S8 i 4 MMCKDE
W Kokl B T R B SRR R AT 5 A
NENERIEH R SN I YN RS-V =

Table 6 r; and kl; in the MMCKDE Sequence Entries

over True Evolving Data Stream

®6 HEXFHBERE MMCKDE iy r; B kl; B

SL; r kL
SL, [1,1]

SL, [2,2] 26.903 4
SL; [3,3] 5.8810
SL, [4,5] 2.1264
SL; [6,6] 7.9957
SL; [7,7] 1.6379
SL; [8,14] 4.6534
SLg [15.,15] 1.3308
SLq [16.,16] 1.1829
SL1o [17,18] 36.2910
SLy [19,20] 2.6798
SLi; [21,21] 1.8262

D http://datamarket. com/data/set/1fo6//S A 1Y 1971—2012 43 42 4 1 36 [ 380 K F) W AN IC R 80808 4.
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Fig. 12 KDE estimates of 21 windows.
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Fig. 13 PDF estimates of 12 entries in the MMCKDE sequence with § being 1.
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Table 7 Maximum, Minimum, Mean, and Standard

Deviation of the First 5 Windows
®7 BMISAHEEHENEXE.ENMBIERFE

W; Maximum Minimum Mean Variance
W, 1.2732 1.1124 1.1643 0.0319
W, 1.4885 1.2710 1.4290 0.0695
W, 1.3655 1.0054 1.2645 0.0655
W, 1.1860 1.0822 1.1262 0.0222
Ws 1.1814 1.0670 1.1286 0.0269
6 15 4
4 10 3
~ ~ 2
2 5 1
0 0 0
1 1 1
X X X
(d) PDF of (e) PDF of SL5[Wy] (f) PDF ofall SLs
SLy[Wg~Wy

Fig. 14 PDF estimates of 5 entries in the MMCKDE sequence and the whole data stream.
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