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Abstract Incomplete Cholesky factorization preconditioned conjugate gradient (ICCG) method is
effective to solve large sparse symmetric positive definite linear systems. However, ICCG method
requires solving two sparse triangular linear systems during each iteration. The inherent serialism of
solving sparse triangular becomes a bottleneck which prevents high efficient parallelization of ICCG
method on GPU platform. In this paper, an effective method to accelerate solving sparse triangular on
GPU platform is proposed. In order to increase the multi-thread parallelism of solving sparse
triangular on GPU platform, level scheduling is exploited for the sparse triangular matrixes which
incomplete Cholesky factorization generates. For further improving the parallel performance of solving
sparse triangular, approximate minimum degree (AMD) algorithm is used to reorder the coefficient
matrix before level scheduling. Moreover, a novel method, taking advantage of the level information
to reorder the sparse triangular matrices after level scheduling, is applied. These two methods can
decrease the number of levels during level scheduling and optimize GPU memory access pattern to
utilize memory coalescing in solving sparse triangular, respectively. Numerical experiments indicate
that compared with ICCG method implemented with NVIDIA CUSPARSE, applying the above

methods can obtain more than 100% performance improvement on average.
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Fig. 1 Flow chart of GPU-accelerated ICCG method.
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(b) Sparse pattern of thermal2 after AMD ordering

Fig. 2 Sparse pattern of thermal2 before and after
AMD ordering.
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Fig. 3 Level scheduling.
&3 4r)R I



846

HENMR S R B 2015, 52(4)

Wi = MR L0 4 )2 08 R L Horp, B 3 (a)
LR L h & AEZ 0 R W40 A4 O . 34> 2B SR
TR — N AERICE. K 3(b) FRXEFE L 22
Jo A5 B (A [ o B PR JH v g = 1 A T P T iz
— AR QAR ¢ A (B RO O R RN B xR
Sk B 1) 340 3R 78 45 A SR B 22 T SR ik B 7 AR OC &R
el 7 A8 W WA I R OR R x; U TR A
i ox BORAE. B 3o R i x b TR — 2%
AKHN P55 DL R4S J2 BT g () o7 &, Herp g R —
A REAVECA L R E S ) xS R 2 HE R
JE BT A S B3 s b T A — 2 19 & R J 1 Y 5 5
1M 248 5150 Level IR E B0 g P45 2 0R 46
BLE W Level (D FRREH g HEB 7 2R GG 7
R T E A5 RN BT AR )2 S A ) A
73 3] ] rp AR T AT ] A M 1 R A B L
XF AR T E R FE AT TR I A A i 3 S R A
BT PR IE A 1R ROk B UK T 12
r AR ) R R 3 A R R R 43 2 S AR 2
2 DAEHE 56 (B S )2 TR 5 L 2R &
A0 B AR TR L 12 R R A
. R R E oy AR AR X B T — DR
BE depth (), Horp 55 k J2 0T A A A& W ER BEER N .
XAE L B3 i — 2 R B R R
TS A, FHE X T 2 B3 02 5 15
WAl . — A R R AV g ] THE % x P& R A
HIZHET G 0T 505 5 — A SR 2 8 5 8 Level , 3L
i level (DFE A g o6 JRZMR IR & . Bk —
fAMRE L R A CSR #% X B als jal Flial) f74ik
nlev FoRJZE0 L 1450 TR H BB EE 454 1

O3 2 R
Bk 1. WA o2 08 BE Y ) A
D for lev=1,+,nlev do
j1=level(lev);
j» =level(lev+1)—1;
for k=j,,,j, do
i=q(k);
for j=1ial(i),*+,ial(i+1)—1 do
x(D<x()—al(G) XxGal(G));

end for
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(a) Before reordering

| Addresses from a Warp |

0 128 256 384
Addresses from a Warp

0 128 256 384

640 768 896 1024

(b) After reordering

Fig. 4 Reordering (8 threads per row, 128 B cache line).
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Fig. 5 Combined approach in synchronization between

levels.
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Fig. 6 Warp-oriented programming method.
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Table 1 SPD Matrices
®1 MWREEERE

1D Name n nnz nnzln cg-iter Kind
1 offshore 259789 4242673 16.3 18413 Electromagnetics Problem
2 inline_1 503712 36816342 73.1 14537 Structural Problem
3 af_shell3 504 855 17562051 34. 8 1438 Subsequent Structural Problem
4 ecology?2 999999 4995991 5.0 5490 2D/3D Problem
5 thermal2 1228045 8580313 7.0 2590 Thermal Problem
6 Flan_1565 1564794 117406 044 75.0 8527 Structural Problem
7 G3_circuit 1585478 7660826 4.8 3180 Circuit Simulation Problem
8 Poisson 4840000 24191200 5.0 3146 Poisson’s Equation
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Table 2 CUSPARSE-ICCG vs Our ICCG
% 2 CUSPARSE-ICCG 573z ICCG Hy bk %

CUSPARSE-ICCG Our ICCG
1D nlev
iter residual Solve-time/s iter residual Solve-time/s

1 3452 8 7.79E—7 0.48 8 7.79E—7 0. 34
2 1752 2314 9.89E—7 140. 81 2313 9.96E—7 117.69
3 3725 395 9.86E—7 24,21 395 9.86E—7 19. 47
4 1999 1601 9.92E—7 51.40 1601 9.90E—7 40,45
5 1239 1264 9.97E—7 43.17 1265 9.87E—7 33.56
6 7806 1214 9.96E—7 216.93 1216 9.40E—7 189. 36
7 2594 153 9. 12E—7 7.22 153 9. 11E—7 5. 46
8 4399 932 9.85E—7 108. 78 932 9.85E—7 81.78

LT 1C Wikt % 3 441 T NVIDIA CUSPARSE
S ICCG IFATR L FIA SCAE R AT AMD HEJF 5
B ICCG TR LM L S5 R WK 3 FTLLE
o AMD HEF AT LLBE 0 20 4 2 0 2 R b e A
R J2 50 DR TR T T R B = A 7 R ALK R i AT
JEAE AMD HEJF J5 . 3% 3 b R 2 B Y 2% AR 8L
A g m B T AMD HEy B R T R = A

J5 PR A SR A B IFAT PR BE L 8 45 TSR R T 4 09 T B 58
SR T AR B B . k2 1, 0t AMD HE
J7 AR I B AR T 5 550y A L 0 SRR i T M S
T HASCRER B 2 o EHEF H AR AMD-
ICCG % %, M X F{L | § CUSPARSE 52 # f
CUSPARSE-ICCG . . Mg o] LA ASF- 3 1 4% DA
LRyt

Table 3 CUSPARSE-ICCG vs Our AMD-ICCG
#& 3 CUSPARSE-ICCG 573z AMD-ICCG Y Bt %

CUSPARSE-ICCG

Our AMD-ICCG

1D AMD-time/s
iter nlev Solve-time/s iter nlev Solve-time/s

1 1. 25 8 3452 0.48 10 352 0.12
2 3.01 2314 1752 140. 81 1187 600 43.21
3 0. 88 395 3725 24,21 639 597 16. 54
4 1.13 1601 1999 51.40 2738 6 23.78
5 3.39 1264 1239 43.17 955 36 14. 23
6 8.26 1214 7806 216.93 1691 1434 174.79
7 3. 30 153 2594 7.22 285 12 4.16
8 5.40 932 4399 108. 78 1582 6 64. 48

2 3BT T AMD HERF RO RS TE). X 5E
offshore , i T 3L ALK M (] 482 (ALK 012 s) i
5 AMD HE 5 Bisf ] 76 2 A T340 8] v Bir 9 B ] 4
. AR T R A BT R AR SCHR Y ICCG
GPU R fg it ] 5 AMD HE 7 i 0] 2 #1473 8% B 8 p
T NVIDIA CUSPARSE (3R figt it []. 55 4h, 78 52 b
o7 FH P A A 5 SR i EL A A ) 2R 0O I RAS [R) A
T 1) Z2 A D R 4 R T M S R) R 4 S HE S B U] A
AT RIS ) H T o 0 A R R R AR

4

=A

4 i

GPU i 1ICCG ¥k # # BE R 207 T I 17 #i il
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PERE. S TGN AR BR = A r B ALE GPU K i 1)
FEATRE A SCHR 1 — A 2800 R Al 43 )2 A
=G Ol s R EN 0 =S 11 B ) s 28 A ¥
SR R AR AR W R AR AT 4 )R A
JEE AT S T T L e /N B CAMD) 8k G 28 B0 B
HEATEHEF. WS, A T Hifk global memory iy N £F
Vi ) B2, AR SO0 43 J2 Ja 0 R i = A R I 1) 45 23
KT )ZHE SRms B 22 2R N AT U ) A 3 S 1k
ik W 3 B A 6T A NVIDIA CUSPARSE
SEHLAY ICCG 32, AR SCHE H Y 5 i ] LAGRASF 35 1 A%
PLE g pE B T X T S5 B R L A o ) o
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o A P R = A A FR T vk e Y R R R B Y AR
W o AR SCHRE H 9 75 32 AL RE B AT O e v e 28R

1C FUARAF B AL A T B I A g 1 0 390 5% 1

FOR . GPU I 1ICCG i 1y 15 G A 45 1) 2R H
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