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Abstract Tensor data (or multi-dimensional array data) are often generated in information systems of various
industries, such as functional magnetic resonance imaging (fMRI) data in medicine systems and user-product data in
product information systems. By using these data to predict the relationship between tensor features and univariate
responses, data empowerment can be achieved, providing more accurate services or solutions, such as disease decision
diagnosis or product recommendations. Currently available tensor regression methods, however, present two major
shortcomings: the spatial information of tensors may be lost in these models, resulting in inaccurate prediction results;
the calculation cost is too high, which results in untimely solutions or services. The two problems are more severe for
large-scale data with high-order structures. Therefore, in order to achieve data empowerment, that is, to use tensor data
to improve the quality and efficiency of information services or solutions, we propose sparse and low-rank tensor
regression model (SLTR). This model enforces sparsity and low-rankness of the tensor coefficient by directly applying
¢, norm and tensor nuclear norm on it respectively, such that not only the structural information of the tensor is
preserved but also the data interpretation is convenient. To make the solving procedure scalable and efficient, SLTR
makes use of the proximal gradient method to optimize the hybrid regularizer, which can be easily implemented
parallelly. Additionally, a tight error bound of SLTR is theoretically proved. We evaluate SLTR on several simulated
datasets and one video dataset. Experimental results show that, compared with previous models, SLTR is capable to
obtain a better solution with much fewer time costs.

Key words tensor regression; parallel proximal method; data interpretation; tensor norm; classification
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Fig. 1 The basic idea of SLTR
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Table1 Comparison Between SLTR and Other Tensor

Regression Models
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SLTR (A3C)  O(max, {p.P%,}) v v/ v/
M
Remurs o <Z{me%m}> v v v
m=1
M
GLTRM 0 <R > Pi.) x v v
m=1
orTRR 0 (MP?) v x v
M
SURF 0 (TN > P\m> x v v
m=1
LR 0 (NP?) x v x

VE TERBERIT B RUR, NEREAR, MESORME. R CP-
tank. p [ [p M p,, = [ [ BRI 73 SR TG
B R AT R BT AR S I S BURNTS E s F R B RSB

S HAT TN AR BLE 5 45 A (4 B OR AR O Bk R A IR B M Th R A R
2= H

FAEh.

FT A D5 vk 0 1 B8 i E] B AR A ROC il 26T 1Yy T AR
(area under the ROC curve, AUROC).
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() J&, SURF BY4CHS A& T 4D Bdls, R b re 7K h
A M W T B, XA R T HAE S T N
Je PR

Fe2 LT X Se AT LECE 4R (9 £ 1T MSE. 45
R, R ZHCE BT, SLTR 3R 18 T S f: i ol
%, T AE AL RS BT, SLTR 358 69 4% 43 L B 44 it
Py 5 2% — i B 2 TR 2 v i S 25 ) R W] SLTR
RE f% AL 2 T /D Y ] 1] SR A 12 6% 4 1) i e 2.

WAL, TEEHE BT IR 2 2020 x5, N 50 % 400
A Ak, B E R B s = 80% Ml a=0.1. fif 5% F tf 3 F4
FIT 7R () MSE {8 % 1] SLTR 7£ JL-F ff 5 2 14F T #B 3545
T Al e, %N = 150, SLTR £ MSE {H2:0.929 5,
XA b Remurs A MSE {H(0.919 0) £ — s, {H X 4~ E
e At 5 2 1) MSE {E/0 R £, Ll SURF 19 /2 0.995 3

o | SLTR (F47)
= P
__s-«_-ﬂ___—l #- SLTR (H:17)
/‘/// —@- Remurs
= ® |- LR
';’/Q =
A
&
/“__ _"
_-/F.--
.‘f,__-—t
.//

@AQ#J 5+\Q+5 @L\w‘) 5+\°+5 @L\w‘)

o S R G
LS PNUN
(b) 4D H4fi T H I 18] il A

Fig. 2 Logarithmic computational (time) cost of SLTR and baselines on simulated datasets with the sparsity level s = 80%
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Table2 MSE of Different Methods on Simulated Dataset
with Different Sizes of Data
x2 EVFAEEEFETRRSEX/MIELEEER MSE

BAEA/h SLTR (A3X)  Remurs SURF  Lasso ENet
30x30x5 0.918 6 09190 09289 19381 19377
35x35x5 0.9336 0.9370 09527 2.0147 2.0147
40x40x%5 0.9073 0.9072 1.0006 2.1059 2.1065
20%x20x10x5 0.9150 09177 2.1388 2.1373
25%x25x10x5 0.9071 0.9101 1.9696 1.9696
30x30x10%5 0.9110 09123 1.9754 19745

I RSN AELR, FRILERRRAELR.

F1 ENet [ /& 1.6502.

AN 3 T SLTR FlJE 28 28 B IE A4 i i 7] ok
LT A, T SURF BIMS BE#R 2%, LA T %
LR BORTESR 3 . SR, S TR I, SLTR
1 Remurs 19 28 S50 3IE 2 5043 0 o0 147 F1 49, 45 3 3%
B, #F 3¢ LB iE o SLTR % B 4] b Remurs 2> 1~2 4~
Bt g, I B BE B B0 U Y 38 R, X R I AR A
S B 5. SRR BE AR T SLTR #9400 86 4% 1178 28 B HIE
ZRIAY A 1 v, 5T Remurs, TR 45 354G 4R
T B UG

Table 3 Total Time of Cross Validation in Different Methods

3 AEFERZ XEIE SR E s
BN SLTR (A3C) Remurs
30%30x%5 16.793 568 510.050 226
35%35x%5 20.212 862 602.292 492
40%x40%5 6.509 343 684.737 448
20%20x10x5 10.975 796 1474.090 235
25%25%x10x5 16.936 689 3060.085 998
30x30%10%5 23.276 677 3394.478 247

T MBS, SRS A .

6.2 ZH{EIRBIMSREIFEE LR
HERBME S & N TFZ2EEBERGE S,

FIEETT RS0 MU 15 R 4% UCF101™ J&—

BB AR LTS s A U A B 4, AR SCHE R B

£ B T B A O 9k % 80 25 L YouTube i 55
T 101 A AEZE B 13 320 S B0 . 45 A4S W05 4 s
KA, /N T 28 B KT 10s AS %6, B i G 43 B R
H 32018 F <2408 K. LI BT T Zou KA 5,
IF e FE 3 XI5
BaseballPitch 55 Basketball LI & BodyWeightSquats 55
Bowling. M %A~ 041 v Gt — $i JC 1] 7 (6] Bl 1 15 i 9
Vg LA 480 Oy i PR O g — o, P A AR 1R R
W FL/INJE I Ry 3248 2 x2414 2, T LU B A RE AR
— AN 1532 x 245K B . X T4 XF 28 51, 1 $E 80% 1 K
AAE A UNGREAR, 20% BIREAS FH T SE86 R 2 4>
$6 %, BNIZ 47 ] A1 AUROC {1 3K A )7 v i P fE.
F4 WoR T SLTRJL-F 353 T & AUROC fH,
I B[R] SOA R F i A5 24k, 7k SLTR B A
PR IUAS Bos . X T HAb I v, A Remurs 1
AUROC fH 5 SLTR A4 7E45 1 X} 445 v, SLTR #Y
AUROC fH F§ /Iy, {H LB ] jl 45 L Remurs 22 /015 %2
[l i SLTR ) AUROC {H Lt SURF FIH 4% 2 /> 2k M4
RIZLIEA5 2. fe Hofh 2 FRf 00 T, SLTR H A 5 M
(1R A R0 S /L ) ] AR
SCHk [29] 3 98 T OHLAS 2 20 7 R A T A R AR
SCAER 3 AT RAL T Ak AL, S4B R T SLTR 1)
fik B M. 1 0, 7F “ ApplyEyeMakeup” Fr 2 () #4J5i rf,
BEA i E (B S AG AR ) EE AL PR IR G b
(& 3 #5147 ). Remurs 7~ 7 25 0L Y iR B¢, T
SLTR #4055 Jin % &% . SURF £ 18 42 4 0, X fi#
BT HMEEAY AUROC 1l R ME 7 vk Hoe i — e o1k
B Bl B 1) A e AT 55 1) S 56 6 B SLTR REWS LU
T/ P ST i) A 35 A5 o i L T i R ) itk T R
e SLTR 1 Remurs 9 32 L6 IE B9 8], &5 5 %71
T35 5 . 32 5 KW SLTR 7E28 LIS UEH L Remurs HA
R R E 3, OB L Remurs 2> 2 S84
% 5 B SE 25 B B, SLTR RE WS 16 JLF ik 3] B
£ AUROC 18 1Y [A] i, FLA S5 A A IRF [] AR . 3 % T
FRERG SR PR R OCE . i, 76 g
R N L AN G R RIS = =i

ApplyEyeMakeup 5 ApplyLipstick

Table 4 Time Cost and AUROC Value on UCF101 Dataset
% 4 UCF101 HiEE& ERIRTEIB AF1 AUROC &

SLTR (A&3C)

Remurs

SURF Lasso ENet

AUROC ia17HTH]/s

AUROC i&fTHH)/s  AUROC B1THITH]/s

AUROC i&f7HH)/s  AUROC &17HIH/s

ApplyEyeMakeup 5 ApplyLipstick 0.931953  0.002 407

BaseballPitch 5 Basketball 0.995074 0.000 889

BodyWeightSquats 15 Bowling ~ 0.97756 0.001211  0.946 704

0.945266 47.85397
0.995074 57.556 61

64.628 6

0.64053 0.037561  0.88006 0.435661 0.887556 0.423819

0.78695 0.504165 0.964194 0.147045 0.965473 0.603 081

032258 0.06725 0919753 0.557569 0930556 0.48047

T BB RoR R LR, FTRILERRRESR.
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Fig. 3 Examples of estimated weights
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Table 5 Detailed Time on UCF101 Video Data in Cross

Validation
&R 5 UCF101 {508 #E7E 32 UE o A9 3 4R B 18] s
FRaExt SLTR (A3) Remurs
ApplyEyeMakeup 5 ApplyLipstick 6.889112525  692.231181
Archery X BabyCrawling 7.028 544 625 625.536 704
BalanceBeam 5 BandMarching 7279161013 633.608 475
BaseballPitch 5 Basketball 6.865089 138  678.267 903
BasketballDunk 5 BenchPress 6.952039188  708.656 48
Biking 5 Billiards 6.930801 7 698.477 735
BlowDryHair 5 BlowingCandles 6.749 7102 839.154 294
BodyWeightSquats 5 Bowling 6.638 173 225 701.628 673
BoxingPunchingBag 5 BoxingSpeedBag  7.354 547 413 680.790 876
BreastStroke 5 BrushingTeeth 6.569 058275  698.097274

SLTR e 5 BOXT B8 (9 43 B, DA T S22 B A6 0 S 3
B, R A N B A PR T S SRR, U/ e ]
P RS RALTE.
63 LI ELE

SR, AR SCHEBLALEL A8 A1 UCF101 08450 45 4
£ b, ¥ SLTR 5 4 g e ik i) FE 2k 5 vk AT 1 00
K B R[] A b0 LR 25 1

1) BRI A Y 245 R R W], SLTR 16 K 28U i
TR T AR U R, [ i AR 2 T D (R B E] L AR

SLTR F11 3& 2k Remurs 32 X % {IF f%) & B (8] A9 b &% 1,

SLTR kb Remurs 7> 1~2 M EUE 2.
2) 7€ shAE I I B 4 4 52 36, SLTR JL-F-3k

3| 7 He A AUROC 18, I H H B[] AR P T A 2k,
TE AT LG IFEH H Remurs ELA 5 25 10 I ] £ 3.

3) SLTR 7E &4 B4 48 A1 UCF101 A4 %5 41 42 |
i R ETE( B RS H, ] SLTR 7] LITE
T b Y00 5 B A O B F L R P AT, TR
7 B (] A - ) B deb I s B o 3 AT LA B PR
M) 7 5 A0 78 Ak, 4 b S B e SR SRR S T AN P AL
1 SR A U R R S AR, HEER
GEERAL T B AR L S M 0 KU S BT R R Sy

ARSCHRE T — P FL AT R A gk [ E Uy ik
SLTR, SLTR EL 2 X [a] 8 it fin 45 44 29 o1, [] B 340 412 14
T 2 JRIAT RO T G KA U SR AR AT . AR SO AR,
RIpRsd or A sk B 1 C R, WERE R RGN A
U R A5 SR A T AT R D vk BN, A BT R AR B R
Gorh, A AT DU T 4 ) R M R R R B
i, LA K0 2015 i R =22 ) ) OC &, il B =
I7 N I Wi

K 19 TAE ¥ R SLTR 76 S 4k B 36 7R Fr ok
O ZHAE AR Ak N, AT A B B T 2 R
ELA B AR, AE 3PP O R AR &AM 1 29 BROKE
P = SLTR 74 5 WA 43 B7 i B2 JF v i PE e e Ak
P E T — RIS BT, TR SLTR ¥ 2114 ik it
Xof 1o B K T 5K R A R AT S L
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5K 4 A3 i R A 0 B B T LA Y R B LA R R
XT3 Bk it A e R7OE A7

A =Cx, Xx,YX3Z, (A12)
HrCeRP»PFEZ LK, XeR™, YeRM, Ze
REF 2 R 5 . B0 5K & CHR 1) I8 R s A [A] Bl 43
Z I 38 5.

Bt % B. SLTR Ry i & F.

W P SR A% SLTR B, B itk 4 4R
BOE SCIT vis EAF . Bk U, X F 5 630 8O e iy
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X2 eREL A
prox,yw;, (W) =S4, (W) (B1)

Gl
Zj, | Wy = Z| <,

Zij+ AWy —Z;> A, (B2)
Zii—AW;—Z; < -A

XL, S (R PBICRHAEZ AR, [S.(4)]; =
sgn (Al-/-) max{|Al-j| -2,0}.

SRIG, T8 S H 8 (SVD) I 73 8k 2 4> 5%
TR 5C B9 1T 3 55 1. X TR A, SVDOREH i
A=UZV", Hrh XS M s, xR # 5+, U,
VIEAHRL B 245 75 S AH ) & 56T SVD, A

ProXy . (W) =US, (D) V! (B3)

proXyy_gz,. (W) =

Gl
Z’ O-I'I‘IHX (2) < T.

US. )V +Z,0m (X)) > T
(B4

DroXyw_z),,.< W)= {

MR C. R Be# 3B

R CL B ARG ™) :%: sRop)

/ﬁwﬁ;wﬁ TV BRIHTEE, R E R
R ()IE W AL 2 By 1) 5, T8 2 & 10 X6 4 48 20k 2
R (w)= maXﬁR;(Wﬁ)/CB.

I B X ECRT DU T U
Z(wﬁ,m
(w,u) 5
R* (w) =sup = sup =
u u up ZCﬁRﬁ(Wﬁ)
B

> (wg,u/cs)
supﬁi <
up ZRﬁ(Wﬁ)

B

Z R; (u/cﬁ) R(wg)

sup

B
up ZRﬁ(wﬁ)
B

maxﬁR/’; () /cp. «cD

M
FRHCAFI0 = 3 2 W (R Bwit, 8 e = (1,
m=1

AM’le'"aTM)’ ijﬁgS(
W) =y — (W, D)l (o))
il

M 2M
cR(W) = inf{ZcmnW(m)nl +y c[,nW(qM)u*} :

m=1 g=M+1
(C3)
A
R* (W) = max {||W(1)||oo, = IWanllos Wl ”'»”W(M)”z} .
c4
iE .

Bt 3% D. 3K BT EE AT SRR,

M
=] = - g 1
EE D1 sk EAZLEW. = o E (W ll, 52 7T 53
m=1

fik g — % 72 ) (M HC ). Bk B,
10+ V|l = W, +[IVIl.. (DD
ST W e MU, VIRV e M (U, V), MU, V) =
{W e Rrovxpulcol(W,) C U, *+, colWay) C Uy
row(Way) € Vi, ++, row(Wyp) € VbRl M (U, V) = {W e
Rrxpulcol(Weyy) € Uy, =+, col(Way) € Uy, row(Wy)) C
Vi, row(Won) € Vigh. iX B, row () Fll col ()53 5l & 47
ZE [ B 25 6], U, RV, J&— X1 & m By B IT 0 5K &
W25 [0, U, CRE Fl V,, C RPXPXXPnoaXPueXpu
U AR W € MU, V)FTY € M (U,
V), BN mM Bk & W, F1V,,, B IE3C B4 745 (811
Fizs 8], AN row(W,,) SV, row (V(m)) CVE, col(W,) C
U, col (Vi) CULHIV,, LVEH U, L UL X EREE
10 A2 0 PR A% 38 5500 AT A A vk, B B R S B
W + Vinll, = IWanll, + Vil , 3 FE LT 3] T J& I 5K
IR 2E .
iE .
WG, R BITERAEA S MR Kk R, I,
FHW+V) =Wy + Vi H I, 2 45K 18 Z T 5K 2
WA ET LU E B Rk

1 — 1 «
0+ VI =22 MW+ Vl, = 32D W + Vil =

m=1 m=1

M
1
7 2 (Wl +11Vinll.) = 1201, +1VIL(D2)

m=1
PR, 38 2o e B D1 A IR B E SR =S T X TR
W T K A R T o i A

Bif 3% E. iR ZE FIERA.

MR IE: FL W b, BA LN IEEITR.
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AERPIXPIX XM

WL A=Y U, /N W, W) = 0,8 # 1y
r=1

MF1<r<r (A),1<n<r (A.

EIE EL. {513 550 R B0K Wl R A0
FVRARAE . A, B 5230 o 428 ] 2 B0 AN 76 2 24 oo
KA SLTR, JR 4, e oA il 12 LT 15 22 5L

M
||fa)—‘w*||1;<4x/§<a1 /Hpm+TvI‘e) ) (ED
m=1

IE 9L AEAR SO E T, R 2 AN IE A g%, 2T
RIECIEER ) =1 Ak 8 ZEH RO =11 ]l..
e, B e Ay =Wy, - W A4, = Wy - W, Hrhap,,
W, 539 e/ N T 3R G € JE BRI K A B
WA, Wd=a,+4,, S HB=2A, =1, T=(1,2}.
#IR 2. Frobenius 12 2 4|l A S 40T -

AR =(,4)= (4,45 KA ANK2D BuRa (o) <

ael a€l ael
} <

2> B {R H(A»] +Bar, {H(zm
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ael

4y B

a€l
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g op (A B = ZZA""B’*’%@ R, X
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P (M) ke Fe7m 25 ] M, (AN -
— R.(U)
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rk) = e o, ()
AX(E3), L (B2) B EE Ny
IAIE <4 B 7 (M (E4)
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WAL, % & H%) CRETERE, WO TR AR
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T4 ) <<Z||A(,||F> <IZY Il <
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ST @] <amp.w (). (E6)
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FFHN
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Al <4VITTY B (M) . (E8)
o€l
[a] JB 77 ¥ B9 28 2, A T ={1L,2)F R, () = 4,
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A B R R R, B AL < VRIAR. X B R=
gmax {rank, (B)} , Hrfirank, (B)F R ERARL K B
B IE A B, L, A

v () = sup M-

b g, (E10)
v (M), P (M) 5 (B8) 4 4, fc & 43 51 L
TRz R
I
||A||F<4\/§<A\/E+ﬂ/1‘e : (E1D)
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iE ¥

#EiE E1. WA REUE — A 3 ik & W e Reor>p
L P B B R, SLUTR 0 45 01 0 A2 4
TR

M
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R’ =max {\/rlmin{rz,rg}, \/rzmin{rl,r3}, \/rgmin{rl,rz}} ’
(E13)

Horbrr, = rank(W,,,)) 375 & IT 7K & 1 #k.

IE L 3 Bk, A 45 R AR R I A
B OLT, SCHk [4] 82 10 T sk A AW LR B
AR AL, 4 1,y = rank(W,,,),m = 1,2,3, M

1 - -
[14]], <§ ( v/ min{ry, r}l|4l, + vV min{ry, r3}||4:)l,+
- 1 -
mln{rl,r2}||A(3)||* < 5 V rimin{r,, 3 }||4|l+

ramin{ry, r3}{|4|ls + rzmin{h,rz}lldllp) <

max{ \/rlmin{rz,”3}, \/l’zmin{rl,”3},

r3min{r1,r2}}||A||F. (E14)
PRLIE ¥ (M) BNy
SU(TI/LZ) = sup . <max{ \/rimin{r,, 73},
et o Wl

\/rzmin{rl,r3}, \/r3min{r1,r2}}. (ElS)

A E1S)H 1 ¥ (M) % e 5 X (E8) th 11y
W (M), A B 2K R 2 B

M

l4lle <4 V2 (A (1Ipn +rmax{ V/rimin(ry, 7},
m=1

\/rzmin{rl, 3}, \/r3min{r1,r2}} ) .

(E16)

L 5.

Mz FEZXBHIAR.

1 EWEE

B ¥ 4 fF SLTR 5 B2 8L 50 4% 48 A B 52 i 7
fMRI B4 4 19 L 28 047 L. HAROR U3, A5 40 45040 4
SR AT 3 A R AR B

1) élibjﬁ‘we RPXP2X %Py 7T¢l] xeRNXmngX'"XpM’ /I\
JCE KA IERS N (0,1),

2) BEHLIE B W) s%IICE R 0.

3) AN Ty = (W, L)+ ag; (M )i y € RY. 3%
L oo i R 7 A LR, RS e SR AR IE A5 40 AN (0, 1)
A Y.

N T HE A PR ECE 45 K SLTR AL Aty
2, R 2 P R A9 138 A R 2 A R HUE B R
R T RSB 5E Z A1, A SCATE UCF101 £ 46 1 i

Table F1 Parameter Settings for Data Simulation

R F1 EHEIRENSHIRE

Bl LA EIIPNIN FEARB N 5/% @
10 x 10 x5 40
15x15x%5 90
20%20%5 160
3 Wi 25x25x5 250
30x30%5 360
35%x35x5 400

80 0.1
40 % 40 x 5 640
10x10x 105 400
15x15x10x5 900
4 Bl 20x20x10% 5 1600
25%x25%x10%5 2500
30x30x10%5 3600

— 45055 SLTR.

HoAh & FESCH b, BT T BT TR S5
H e 1 5 5 58 SUUR UE FR Pk R 00, IR LA IE
B 4R 19 73 MSE 1E 8 3£ £ b5 . 3l i 28 X5 Ik
TE PR 0 R 4 S B NS F2 i . B TR IR BT,
BTS2 56 Y HE B 2 4 Intel Xeon Silver 4216 CPU Fl
256 GB RAM 1Y Linux fiik 5% %% ESE8L. 0 H, T 1
BN, 8 FH MATLAB KSR 7k BT
J5 ¥ 0 Je Kk AR B 1000, I kB AT
“‘w”w‘,ﬁf e < 10+ mpse ot g 4302 47 10 %,
A X 10 R 1 -2 R
2 EBEE R

FF3 WoR TR S L) MSE fH. 45
FW, 7E R Z BN LT, SLTR K45 fe A i vk 7 28, 1M
AL E BT, SLTR #H 5 A AG T b e e ol 7 58
25— mi. P, SLTR BE A8 48 2% 51 /b (1) I 8] 3845 A8 1L
T o LR T R AR AT I B A A D R E R UL T R

BLAb, 7E i 4% B ik SLTR, 115048 19 T2 4k
H120%20%5, N 50~400 45 1k, Hi 5 B K s = 80%, Mt
A F IR E Ne=0.1. % F4 1 i 78 19 MSE {H 3R W]
SLTR 7EJL-F i3 2 FARSRAS T S fE e 77 2. i
R, X} F N =150, Bifdi SLTR ) MSE 4 0.929 5, %
Ft Remurs f MSE (0.919 0) 25— &5, {H & b Hifl 7 1
1) 45 B2 415 2. SURF i MSE 4 0.995 3 il ENet /19
MSE } 1.6502.
3 ETAHIRAVREESE FNS AR

TE UCF101 BHi 48 b, #F47 T 5 %5 28 S5 Uk R 14
LS5 E SLTR 1, 7F 107~ 1% £ 7, £ 107~
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Table F2 Range of Tuning Parameters of All Methods
R F2 FAAERNSHERAREER

Jrid S5 &SI IE T [l
£ {0,0.1,0.2,0.3,0.4, 0.5}
SLTR Pl 0,10™,5x107*,107,5x 107,102,510~
T 0,1072,5x1072,107",5%x 107",10%,5% 10°,10',5 x 10"
a 102,5%1072,107",5%107",10%, 5% 10°,10",5 % 10’
Remurs
B 102,5%x107%,107,5%x 107",10°,5%10°,10",5x 10’
ARy o N
Lasso it 100 B BE ¥ I S B A )
pLib] e i s
. 100(Figi B I S B A Bt
ENet B
@ 0.5(TE ¢, A1 &, TR Ml HEA AL )
a 5%107,10™,5%107,107%,5x 107,10
SURF € 5%107,10™,5%107,107%,5x 107,10
R 1,2,3,4,5,6,7,8,9, 10
GLTRM R 1,2,3,4,5,6,7,8,9, 10
Table F3 MSE of Different Methods on Simulated Dataset

with Different Sizes of Data
= F3 ARAAZFEEGEAREEA/NMIEIUEIEERN MSE

S5x 107 % $& A, 7E 0.1~0.43% ¥ &. Remurs ', % #% 5x
107°~5/) 2 S 5L a M B. £ SURF 1, 7£ 5x 107*~0.1
kP, 7ESx 107 ~0.1F Bk F e, 7E{1,2) P BEFER. Fifi
PLEEFE 80% RYREASAE Il g4, H 4% O BEASAE S
A,

Table F4 MSE of Every Method in High-Dimensional

Settings
® F4 SHIEEPEMAER MSE
N SLTR Remurs SURF Lasso ENet
50 1.6123 1.6198 1.6439 4.5083 4.5759
100 1.0798 1.094 6 1.7101 1.6433 1.6433
150 0.9295 0.9190 0.9953 1.6777 1.6502
200 0.8351 0.846 9 0.8376 1.9072 0.8376

250 0.7130 0.726 7 0.7199 1.3757 13708
300 0.7282 0.7325 0.7524 1.7316 1.693 8
350 0.6275 0.6275 0.6379 1.3207 1.2804

400 0.5954 0.5969 0.5975 1.1487 1.1450

AEITPNAN SLTR(A3) Remurs SURF  Lasso ENet
10x10%5 0.8532 0.8538 0.8472 17993  1.7990
15%15%5 0.9892 0.9867 09994 23151 23132
20%20x5 0.9383 0.9378 1.0049 25469 2.5193
25%25%5 0.9275 09398 09391 20149 2.0149
30x30%5 0.9186 09190 09289 19381 1.9377
35%35%5 0.9336 0.9370 09527 20147 2.0147
40%40%5 0.9073 0.9072  1.0006 2.1059  2.1065
10x10x10x5 0.9183 0.9339 19799  1.9985
15x15%10%5 0.9127 0.918 6 21690  2.1690
20x20x10x5 0.9150 0.9177 21388 21373
25%25%10x5 0.907 1 0.9101 1.9696 19696
30x30x10x5 0.9110 0.9123 19754  1.9745

I AT ROR R MSE(H, FRIZEFRRESR. W2 EE

SURF Joiki& T 2D i 4D i9%dE, GLTRM Hid FiT 2D %udfi.

e AR AR S, BURIEIR A20x 205, FiBiEs =80%, M &
Ba=0.1. AR N 50~400 A%, GLTRM A& T 3D 5. MLA%rs
FRIAE MSE fH, TRIZREITRAELER.

Mt 3% S % STk
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