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Optimizing Sequences of Sparse Matrix-Vector Multiplications via Cache Data Reuse
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Abstract Many high performance computing (HPC) applications such as solving sparse linear systems involve the
calculation of sequences of sparse matrix-vector multiplications (SpMV) like Ax, A’x, ***, A’x, which is known as the
sparse matrix power kernel (MPK). Since MPK calls SpMV using the same sparse matrix, reusing the matrix elements
in cache, instead of repeatedly loading them from main memory, can potentially alleviate the memory-constrained
problem for SpMV and enhance the performance of MPK. However, reusing the matrix introduces data dependencies
between subsequent SpMVs. Prior work mainly either focuses on optimizing an individual SpMV invocation, or
introduces significant overheads for cache data reuse in MPK. We propose a cache-aware MPK (Ca-MPK) to optimize
MPK via cache data reuse. Based on the dependency graph of a sparse matrix, an architecture-aware recursive
partitioning of the graph is designed to obtain subgraphs/submatrices which are fit into cache. Separating subgraphs
(i.e., separators) are constructed to decouple data dependencies among subgraphs. Then cache data reuse is achieved
by executing sequences of SpMVss on subgraphs with a specified order. Performance evaluation demonstrates that Ca-
MPK outperforms the MPK implementations based on the Intel OneMKL library and the state-of-the-art approach,
with an average speedup of up to about 1.57 times and 1.40 times, respectively.
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of sparse linear systems
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FER B S M B AR A 45 = M g 1153 (high perfor-
mance computing, HPC) i FH H, R 2575 2 K it
% % 1] 12 3¢ ( sparse matrix-vector multiplications, SpMV)
FEAI Ax, A’x, -+, Ax W15, _Eib SpMV 531 #: 4 X
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1 #HxIE
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FRAG 8 2 o L 1) B b R AR R 3 R SR R R 4 A
A it AR 5 T8 R XF 1o A2, BT 5 48 1 53 A
fiti. ¥ 1(b) B 45 7 R 47 1) CSR(compressed
sparse row ) 4 = A7 it 14 & 1(a) H 14 5 B 46 % 4. CSR
& AR HT 2 4> B2 T A7t AR 2 TTHE (value) B HE X
N8 R 51 (colldx) . WL AL, i8R AT 48 5t (rowPir) 32
REATRAEF TR, SR 1 45 TR T CSR AR K
SR ERAT RRAS SpMV PR

Hi% 1. 5T CSR Y SpMV H 4752 HE.

B TR P A, )

;) A b

(D for i«—0 to N do

@  sum<0;

@  for je—A.rowPtr[i] to A.rowPtr[i+1] do

@ sum<«—sum+A.value[j]-x[A.colldx[}]];

® end for

©®  b[i]—b[i]+sum;

@ end for
2.2 MPK R EFERBIE R KR A

MPK 1 % 7] — i i 5 B A, [ 52 04T SpMV, 3k
5 Ax, A, =, Ax B LA A W At A'x 55 5k
245 T A gE MPK 52 3L D AR, B 3% S22 s I
SpMV KK LI, AN G A7 25 RIS, To ik AE i R A
B AE [ A, W) A W] BE T N A AR s IR

Bk 2. 158 MPK 52,

By WG AE RS A, AR x, IR s

i RS x.

(D for i«0 to s do

@  SpMV(A,x[:il,x[5i+ 11);

3 end for

MPK & Krylov ¥ 25 [0 J7 ¥k . Z EMK T £
I T2 A 1 AR AE A R) R A AR 22 HPC N Y ¢
DB A SO AR S 9 MPK B H T s-Step (1 2248

RowlD CSR Format :

(=]

0 NN N R W N =

(a) FHiAFEA

rowPtr[1=[0,3,7,10,14,19,23,26,30,33]
colldx[]=[0,1,3,0,1,2,4,1,2,5,0,3,4,6,-]
value[]=[a,b,c,b,d,e.f,e,g,h,c,i,j.k, ]

(b) HiFEAMICSRAFAitA% (1) Z AR ()

1 B (conjugate gradient, CG) 3R fi# 7 12 Al & 5 X 3 4
14 & (biconjugate gradient stabilized, BiCGStab) 3K fi# /5
5. CG J5 7% Al BiCGStab J7 12 J& 3K fif Xf R 1F s AR
Xof PRI A8 i i e M 7 R AH I FE 0 T 2, B 3 i
T s-Step CG 3R fiff Jy % iy D AR A5 1. 32 0 vk 4 vk i
MPK 74 s 4> Krylov & o] 5 (173)), I 7E 43 41 X
FEAT I AH X T £ Krylov SR i 2% o] W76 3 4 s i
i {5 JT 44 . BiCGStab 3K fift J5 i 19 553 i 72 2 WL 3
Mk [19].
&% 3. s-Step CG K it H .
BN REPR T E B R B A, PR E xo;
LTINS A=
D ry«—b—Ax,, k=ixs;
@ for i«—0 to convergence do
T—[ri, Ary, -, A’r]; /¥ FH MPK*/
Ri—[r, Arg, =+, A7 r]s 2N Tl R/
P —[Ar, A%r=+ A s DN T H IR P/
if i==0 then; /*i 1577 1] P*/
P;<—R;;
else
Cr—=Q Piy; U AR5/
KIGE W B = Cis FH R bR 6%/
P;—R;+ P;B;; [*8 i BT 5%/
end if
W Q7 Pi;
giPlri;
RIE Wia; = gis HTH AR o/
Xpos X+ Pias FHUFT AR */
Fres—b — Axyy g5 P RTR 22 %/
if [|resslla/Nlroll, < ol then
stop;
end if

end for

OOV ®®

N

5
f_)h\

]

X

-Ax

&

(c¢) MPKH % &

I

Fig. 1 Storage format, data dependencies and data dependency graph for a sparse matrix in MPK
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XTI WA, AT A X MPK 4 o5 32 B 14
ALY EH, (R A7 H H 2 F B8 £ K SpMV
17 2 8] A R AR . P 1(c) LA s=2 Ml ik T bk %k
o A A R v B € A7 X 8 G B L AR A28
FER TS A, W R T 50 1 — 38 5 (L0 4T)
TR A'x (3845, BEARH5 750 M 78 B A7 10 [l i 3
B Z U SpMV S5 AT LIWEL O T S B E R K I
L R R RO OC &R T A A B AT
(L0 A7) A B B R 5| Wb 2500 T I 46 F 0 1 (¢
AT A& AT RS BT .

3 ZEERANE MPK % Ca-MPK

AT A AR B 0 A AT MPK(E]) Ca-MPK)
07 1 B SR Ca-MPK A% O JEVREUE: 1 51 4R 48 i 0 A
W 3R A5 AR S &L, SR T ok A 0 1 08 A7 1 R 65 4 SR
(14 328 U5 J 4 3R A5 7 1 AN 43 80 1 T CRP P46 BF ), )
P2 R 7 P %ok LA 43 T AT 8 B AT, AT
S I G% A7 B Al .
30 HREENKRTE

B X AT B2 W B [ AT AL 2 A i 5] (dependency
graph, DG) , 75 5% 30 2% A7 £ 4 =5 T s T 6 18T i 1) 25
P . B 1(0) TR LA 1 T & 1(a) o o A0 B A Xt
N KIS L G=(V, E). 5 &R T 1] B =X
AT vE V KR BRI —1T, M550 e € E X
AT AR G (W X 2R AR 0 ) . AR A b
A 2R A7 5005 = S 800 SpMV 81 22 8] BT AT
ALRE AR G 2. N, & 2(a) 45 1 T 2 4K SpMV I
FH A™'x[0] 1 A" x[6] W THEFITME 1) Ax 1R E TC R,
Horp A™"'X[0] M T AX[0], Ax[1] F1 A'x[3], T A"'x[6]
AT AX[3], AX[4], AX[6] FI A'x[7]. %} T E XF R 4

[0,24]

Recursion 0

L1031 || &2 | [ | |n2as)[116.24)
Recursion 1 -

(a) AXFIA™ X2 [a] )
HHE

HE: (o) IS WET A TIERFATR T, [16, 24] 71 [24, 24] 7353
55 1 UCHIER 2 Y IE 20 #1111,

(b) WHEHELE R

Fig.2 Data dependency between neighbor powers and data
structure after recursive partition in Ca-MPK
P2 AL UK A AR AR B Ca-MPK 3 31 435 Y
HdEaitg

W A, 83t A+A" A BRIE 200 R (4 TE 1] 141, P4t
MRS [) IR P T i A 26 28 0 6
32 RERESHBRAMAEIERIS

XiF T 4 o A B AR A RO 1 S, A SCER Y T — A
A R 25 0 SRR 1% 336 U 7 ik o) PR AT R 4y, E B R
(PR 3R S N A IR AT O B G A RN, B
FETT 4 347 P B0 [8] I3t 1 22 4 5080 o 1 25K 1 o8
B A 1 R 43N numPart 4~ F ¥ (subgraph) , 7] F| F
Metis"™" 45 P&l %0 43 T H 928 % T 45 T CSR 197 i A8
W (M € A AR 2 TR T 8 7 71 UK B2 77 s A7 fifh,
BRGIRA 4 70 BBAEAR), BT R & A
partSize 1~ HEE JC.

L2cacheSi
partSize = C%, (D

o LocacheSize & Ab B8 12 52 47 K /N (B A7 R F
), C&RBCHUA K [0.85, 1.05], H FRAREMH
T A% 48 51 45 HAB KR 1y 52 ma ) . B3R R 43 ] PRI RS
T G T F R ) A iR N4 3 L2 247 . numPart
AR 20 (2) B0 7 , HIBUE A Ak 22 85 4% 0 num Core 1Y #
B, LAl DR BT A 5 I e A PR A8 A% b 24 03 A

NNZ/partSize

J + 1) xnumCore, (2)
numCore

numPart = ( {

Horb NNZ J2& SR A TR

56 B R R 4 I, WA I T AR i A
At T v A 08 R TS, DA T A — A R
T FR R 5 #) F 8 (separator) . 4% T 2k X fIr 5 +F F
(L4 4380+ &) B TS AT 8 g 5, i AR B>+ 1A
T &R 2 H o %+ A 2 e T 95
45 AT T+ SpMV T [l A A e A O

B3 45 T &0k 2 s 3R 53 (numPart=4) J5 1)
L AR SR — > 44 45 S BUHE 25 48 reePor DR A7 328 1

TH AHTHE

(@) XI5r a1
I3 E T OREHET)

(b) 22U A
(FEHT)

Fig. 3 Recursive partition process of dependency graph in
Ca-MPK
3 Ca-MPK HOiATB )% 7 id 72
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Rl 43 04 45 2R CH A B % g 8 i A7 45 ), T
JRSEIFAT LB 18 2(b) 45 T 1 3(b) XN ) BE 254
3.3 FHITXH;

LT i AL B ) R ] 52 ket A &) o3 B Al AR
P 4] o3 45 R S BOIEAT IS oh T o ) R B
1A IR TR] Y 3 RO RO ) , A s VA AR A5 1 1
L/ 1 I 2 ok N7 T 3 S R e R R Al A R Y
EARAT R 5| KR, 0 0 F R WU I8 B AT AT 5 R
MPK H 4 2 A7 500 1.

AT SEBL Ca-MPK, 75 22X b5 #E SpMV L B (&
WL DT IR 15 S 4 e T KT
JE R (P 20 7 20 B 0 4T R 5 18 B € ) 3T SpM.
WK, B TAE G 4% 4T SpMV J147, I 75 B 3 R d
/7R IR AT

&k 4. uSpMV E L.

N Wi B A, 0] 5 x, F8 5 rreePrr;

;) A b

D for i«—treePtr->st to treePtr->ed do

@ k1P T~O;

® end for

E £ 5. puSpMV EREL.

B FBLEFE A, [ x, #1585 treePir;

s 1o = b

@ for i—treePtr->st to treePtr->ed do in parallel

Q@ ¥k 1H170~0);

@ end for

&% 6. Ca MPK PRI

F N TR A, —HE8UEH x, IR 5, $8%T treeRoot;

W e x

@ if s==1 then

@ puSpMV(A, x[:,0], x[:,1], treeRoot);

@  return;

@ end if

B i0;

©® separator<—treeRoot->separator;

@ puSpMV(A, x[:,0], x[:,1], separator);

while i< s do

@  for j«0 to treeRoot->numParts do in parallel

() uSpMV(A, x[:,i], X[:,i+1], treeRoot-> son][j]);

@ if i+1<s then

@ uSpMV(A, x[:,i+1], x[:,i+2], treeRoot->

son[j]);
® else stop
end if

end for
i—it2;

if i< s then

® 8 6 &

puSpMV(A, x[:,i—1], x[:,i], separator->
separator);

for j«—O0 to separator->numParts do in parallel

® @

uSpMV(A, x[:,i—1], x[:.i], separator->
son[j]);

uSpMV(A, x[:,i], x[:,i+1], separator->
son[j]);

end for

®

® 8

puSpMV(A, x[:,i], x[:,i+1], separator->
separator);

@ else

@ puSpMV(A, x[:,i—1], x[:.i], separator);

end if

@ end while

FL 6 451 T Ca-MPK Y EAACHS . AR IR TR K,
B AT A SpMV H 2%  — > 48 — 1Y oK 4 uSpMV
(B 4), Z R ECT X 45 8 W 745 I (AT R 5 T
treePtr->st Ml treePtr->ed Z |A] ) YA T SpMV #AE. XT L7
FRIHZ AT I AT WUAS B2 78 73— B AL puSpMV (5534 5)
1. Ca-MPK #£ F uSpMV Fll puSpMV iX 2 /™ bR % 5E
B Hr, 433 EE 2 ] puSpMV S R AT IR AT,
A P38 2o 98 FH uSpMV AT, SE B B IR AT

Bl 425 T 478 6 B & 3(b) i AN TR F B Y
PATIIF . i T 54 B /755 FE S AT A L2 2277,
HT AT B s v 58 F0 AR I B, AT 58 24 T
JE R B U i JR L AT 7 B B SpMV BR B PRUAT UK
(1), T SEBLZ T A M S A s . LUK 4
B, ARICPATIOUT A 1 45 B FIAAT L Sy 2 19 71
WS 8 T AE L2 A b i B (B b 3Ros R s K s

- [B B @ [E

T BMERR AT, MBS R PATIIUT, 85 7R
FIIFATHAT. AT HEHE A B TS B T A G A v o
Fig. 4 Illustration of execution sequence in Ca-MPK with the

power s equals to 5

B 4  REE s=5 B} Ca-MPK HUTITT 475 2 K
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). B 4 AT LUE W, BR T2 2 Ui U™ A2 9 23 1
P, RHR o 1 [ 3 R S B G A7 L AR R
K 4 RO T AT, TR umPart
A LUJE RO RO AR, e BB AT R, A5 4R T LSk
A

4 LIHIZE

AL IG AR F B > x86 4b B R A —
ARM 4b B 2% . x86 4k HiL % 4 Intel Xeon Gold 6258R, #¥i
%N 2.4 GHz, .46 28 %0, A OB A FRA W
32 KB Y L1 50¥6 & 47 DL B 1 024 KB 9 L2 2817, L3
ZAER/INH 39 MB, F 47 K/NR 128 GB. ARM Ab B 2%
“}y Kunpeng 920, #i %}y 2.6 GHz, £ 4§ 32 1~ #% 0>,
A0 ELAT A ) 64 KB Y L1 S0d 2847 LA S 512 KB
B L2 2847, L3 ZB47K/NR 32 MB, F17 K/ 128 GB.
x86 | i 48 LA 4 Intel oneAPI 2022.1%", ARM I %
PEAF A GCC8.4.1, SR HI “-03” i 0 XN JiE 2 ¢ .
I o R B S R R 48 0 B — S A S 2R ) BRA
A R L AR ), BT % B3 58 [ 001 100 U HRCF-
Y11 GFLOPS.

W32 %) s 6 6 P %6 - SuiiteSparse [ 82 7. 16 B
T 302 A AH XK Y B (RE B AT 50K T 100 000 H.
JEEICHCK T 200 000) . 76 bR K, R E 12 S
W5 B0 7 ik AT TR AT EL A B, gk 1 iR AR AR
3.2 5 8k A R 43 7 B Bl Ca-MPK 230, H 75 41 % 454
L IR 1 8 TR PR AT 2 okl 4, BT 5 A Ak B
BRI, G HNT S UK a5

Table 1 Detailed Performance

Analysis of Twelve

Represented Sparse Matrices

R 112 MRMERBRIE R IR BE AT

Hir's piEl 2 175 E[B25753'¢ R FRIEE
1 ASIC 320k 321 821 1931828 i
2 ASIC 320ks 321671 1316 085 w
3 ASIC 680ks 682 712 1693 767 b
4 Freescalel 3428755 17 052 626 w
5 FullChip 2987012 26 621 983 i
6 G2 circui 150 102 726 674 =
7 G3 circuit 1585478 7 660 826 Z=
8 memchip 2707 524 13 343 948 w
9 nxpl 414 604 2656177 i
10 pre2 659 033 5834 044 =
11 rajat30 643 994 6 175 244 b
12 transient 178 866 961 790 Ef

5 #RAW

A SR H LA RS 9 MPK SR 1) MKL %R 1
1% % Fl Intel oneMKL f{) SpMV & %4 52 Bl i) MPK, 7%
B IT K G A7 K05 # H; 2) RACE %78 SCHk [2] 5T
i AR BOE (6 5 4% (RACE) 32 8L MPK, T & T 247
et J2 B AT SCHER A TR E R SRR F T R ; 3) Ca-
MPK 3 75 A SCSE 80 B MUAS , I8 FH A% o 19 2 T CSR 4%
2 SpMV, SE I T A SCH B 9% A7 B A ] O s
4)CSR F R FH 3£ T CSR #5201 SpMV S8R (1) 7% 4t
Jift A MPK.
5.1 EE{kiEge

K545 T IR s=5, 10, 15 B} x86 4b HL g% | A
[F] MPK A 76 T A 302 A4~ Hi i 46 B 1 9 4% (K 1 e
Al LAE Y, 76 3 RRA MPK Y, Ca-MPK M fiE % Uf-.
YR =5 I}, Ca-MPK AHXJ T MKL #l RACE [1F- ¥4 i
A0 R 1.56 F11.19; s=10 I, Ca-MPK A%} T MKL

75 -
o T, + MKL
PO 5,
s - RACE
g S0r TR SN + Ca-MPK
Qo o RS Duiede b a-
= g -eg' &
= AR 104 Y .
OZS'}v",: "t' 5 .’-1
I ..%z “ .9«.’«. -
P ] Vo, ! v A at A
L R vl T
10° 106 107 108 10°
LTy SN E IR v
(a) s=5
75 s
$ ’:.,!'.3. + MKL
I - RACE
£ 30 PSSR + Ca-MPK
S A T e
2 P« 1 R AT
(3 sy B % o
© B H “‘sgﬁw’:‘;*sw&y .
P LOOZR AN g ’
. v, vq,.Ts :.:v::’?v:." ?V?:’ .
10° 10¢ 107 10° 10°
TR AR A T 4L
(b) s=10
75 .
REERN + MKL
R RACE
2 50 TR L
o83 8 AT + Ca-MPK
S s 3"'“ 3%
d .tor ‘i ;t v_!.~’ ,_3
ve W %
O Bling "“’z*g’ R E S T
PR A0 g,_’f’ s v A\
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